We introduce a unitary operator representing the exponential of the phase difference between two modes of the electromagnetic field. The eigenvalue spectrum has a discrete character that is fully analyzed. We relate this operator with a suitable polar decomposition of the Stokes parameters of the field, obtaining a natural classical limit. The cases of weakly and highly excited states are considered, discussing to what extent it is possible to talk about the phase for a single-mode field. This operator is applied to some interesting two-mode fields.
I. INTRODUCTION
The problem of a correct definition in quantum mechanics of the phase variable has a long history and has provoked many discussions [1] . Given A few experiments [5 -7] have been also reported in which phase Huctuations for a monomode laser were measured, and attempts have been made to test some of the definitions [8 -10, although unfortunately no clear conclusion emerged [11] .
However, most of this work has been devoted to the properties of the phase operator for a one-mode quantum Geld or, equivalently, for a single harmonic oscillator. In this case, the absence of a proper phase operator is usually ascribed to the semiboundedness of the eigenvalue spectrum of the number operator.
On the other hand, from a practical point of view an absolute phase has no meaning and all measurements must be made relative to the phase of a reference system. Therefore, it seems that the most proper way to deal with the phase should be as a phase difference between the state considered and some reference phase state. One As in the one-dimensional case, the polar decomposition does not completely define the exponential of phase.
In our case the matrix elements (ni, O~Ei2iO, n2) are undefined and thus Ei2 cannot be uniquely determined by the unitarity requirement. We must impose then further conditions, the most adequate being the commutation relations.
For a classical harmonic oscillator the action (j) and phase (P) variables verify the fundamental Poisson Our purpose here is to find an operator Ei2 exponential of the phase difference between two independent oscillators like two modes of the electromagnetic field.
Let Ei and E2 be the Susskind [13] .
It should be noted that there is a nonunitary solution for Ei2 verifying simultaneously these two commutation relations, namely the Susskind-Glogower phase-difference operator EiE&. The lack of unitarity of this solution is a reminiscence of the incompatibility in the quantum translation of (2.3). Recently Ban [14] and Hradil [15] have introduced a unitary exponential of phase operator verifying (2.5b) but neither (2.5a) nor a polar decomposition. Therefore, we shall consider the polar decomposition (2.1) together with the condition (2.5a), which leads to a unique (up to an arbitrary global phase) unitary solution for (2.1).
Instead of solving Eq. (2.1) directly, we can take advantage of the fact that the operators [16] Since the operator Ei~commutes with the total nurnber N, we may rather study its restriction to each subspace '8 . Calling E1z this restriction, Eq. (2.12) can be easily solved obtaining the unitary SU(2) exponential of phase operator [17 -19] m=-j+1 l~m -1)(j ml+"'""'~l~j )(~-jl (2.13) The expression for E&2 on the whole space is just made of infinity many copies of the SU(2) exponential of phase operator can be defined [24] :
S3 --a~ay -a2a2 (2.19) which is very reminiscent of the operator introduced by Levy-Leblond [20] in a diff'erent way. Since E~2 is unitary, it defines a Hermitian phasedifFerence operator )~) ly(n)) y(n) (y(n) The situation presents the same qualitative features as in the Carruthers and Nieto definition of phase difFerence by means of relative sine and cosine operators [1] .
However, in this approach of Carruthers and Nieto, the eigenvalues of the phase difFerence are in the upper half circle for the cosine case, and on the right one in the sine case.
In the limit of high n this spectrum becomes dense, Qni! n2! (2.20) that has special significance in describing the classical limit of the system. It is easy to get [25] 
B. Stokes parameters
In order to gain physical insight into the previous polar decomposition, we shall relate it to the Stokes parameters. It is well known that in classical optics to characterize the polarization ellipse of two orthogonal oscillations of the same frequency, three independent quantities are necessary: the two amplitudes and the phase difFerence.
For practical purposes, it is customary to characterize the resultant oscillation by the Stokes parameters, which are directly measurable quantities [23] .
In the quantum treatment of the two-mode field con- The quantum analog of the separation of the complex amplitude into a real part and a phase factor is just (2.12), which seems to be a natural way to characterize the phase difference with a clear counterpart in the classical limit.
III. LIMIT OF WEAKLY EXCITED STATES
We shall try, in first place, to justify the discrete character of the phase difference in the quantum case, whose efFects will be more evident in the limit of small number of photons.
Perhaps, the simplest arrangement sensitive to the relative phase is a homodyne detection [27, 28] For a linear, lossless, and passive beam splitter the number operators at the output can be expressed. in terms of the operators J and J, and so the action of the beam splitter can be visualized as the process of measuring the rotations of J [29] . The parameters of such an action depends on the particular choice for the transmission and reflection coefI»cients of the beam splitter.
The lossless beam splitter conserves the total energy in the pair of modes and therefore we have states to be a product of number states~n i, n2) with n = ni + n2. Due to (3.1) the output state will be an eigenstate of ¹ As it is well known, the photon numbers at the output are no longer sharply determined. The beam splitter coupling has brought about noise in the photon number of each mode, although the total photon number in both modes is invariant and free noise [30] .
The state~n i, n2) transforms into a highly correlated superposition of states with n total number of photons in the two modes, namely the states~n , 0), n -1, 1),~n -2, 2), . . . ,~0, n), and then the number of possible outcomes in the measurement of N» and N2 are just n + 1. To focus on the behavior of the phase difference, we shall consider incident fields with nonfluctuating amplitudes. So, for definiteness, we consider the initial photon Actually, the more extended use of the arrangement discussed in the preceding section makes use of a very intense state of well-defined phase (for example a coherent state of high mean number of photons) in one of the incident modes, say 2. This scheme can be used to measure the properties of the field in mode 1, and in our case, its phase properties.
Our aim is to study the behavior of the phase-difference operator by means of a suitable approximation for a high number of photons. Since we expect a continuous character, in this limit we can approximate the r sum in ex- While the integral gives bg+k k 0, the sum gives zero (f(C'»)) = d4 P. (4) Among other basic properties, coherent states have a special significance describing the classical limit of a system and they are the prototype for the radiation emitted by a classical current source [31] .
Here we are going to study their phase-difference properties in the limit of high excitation, so we are in the conditions of application of (4.7) to the two-mode coherent state (2.20) .
In the limit of large coherent amplitudes the P, (0) The eigenvalue spectrum of this operator is discrete, having n + 1 possible values, n being the total number of quanta in the system. We have justified this behavior on the grounds of a phase-sensitive measurement. As expected, in the limit of high n we recover a dense spectrum, and the operator gives the same predictions of other approaches.
The behavior of this operator for some interesting twomode real states has been compared with other operators, finding a good agreement for high number of photons.
